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Ohmic dissipationAbstract The aim of present investigation was to study the effects of thermal radiation, viscous
dissipation, ohmic dissipation and mass transfer effects on unsteady hydromagnetic boundary layer
flow over a stretching surface. The governing equations of momentum, thermal and concentration
boundary layers are reduced to a set of ordinary differential equations by means of suitable simi-
larity transformations. Those equations are solved numerically for some arbitrary values of the gov-
erning physical parameters such as the Unsteadiness parameter (A), Magnetic interaction parameter
(M2), Prandtl number (Pr), Radiation parameter (Rd), Eckert number (Ec) and Schmidt number
(Sc) using Runge Kutta method of fourth order along with an efficient shooting method called
Nachtsheim Swigert integration technique for the satisfaction of asymptotic boundary conditions.
The results obtained are discussed with the help of graphical illustrations. Important physical con-
cepts such as skin friction coefficient, Nusselt number and Sherwood number are also obtained and
are discussed in detail.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Investigations on hydrodynamic boundary layer flow and heat
transfer over a stretching surface have gained appreciable
attention due to its extensive applications in industry and its
importance to several technological processes which includethe aerodynamic extrusion of plastic sheets, cooling of metallic
sheets in a cooling bath, crystal growing. Crane [12] investi-
gated the steady boundary layer flow due to stretching surface
with linear velocity. Many researchers such as Gupta and
Gupta [18], Vleggaar [40], Chen and Char [9], Datta et al.
[13], Ali [5], Elbashbeshy [16] extended the work of Crane by
considering the effects of heat and mass transfer analysis under
different physical situations.
Simultaneous heat and mass transfer from different geome-
tries may arise during industrial operations where the surface is
sometimes stretched because of the process of drawing, for
example, the process of cooling continuous strips or filament
by drawing them through quiescent fluid where simultaneous
heat and mass transfer may occur during the cooling. Hence,nsteady
2 S.P. Anjali Devi, D. Vasantha kumariit can be deduced that the combined heat and mass transfer
can play a vital role in the problems of hydromagnetic flow
over a stretching surface. A new facet of approaching such
problems can be given by considering the effect of thermal
radiation.
Thermal radiation effect might play a significant role in
controlling heat process in polymer processing industry. The
quality of the final product depends greatly on the heat con-
trolling factors and the knowledge of radiative heat transfer
can perhaps lead to a desired product with a sought character-
istics. Many works have been reported on flow and heat trans-
fer over a stretched surface in the presence of radiation. Flow
past a continuous moving plate in the presence of radiation
was studied by Raptis [34]. Chamka [8] investigated the effect
of radiation on hydromagnetic flow over an accelerating sur-
face. Thermal radiation effects on magnetohydrodynamic flow
past a continuously moving plate for high temperature were
discussed by Abd El-Aziz [2]. Mahmood [23] examined the
radiation effects on MHD flow over a stretching surface with
variable thermal conductivity. Abd El Aziz [1] studied the
effect of thermal radiation and combined heat and mass trans-
fer on hydromagnetic flow over a permeable stretching surface.
An analytical solution of MHD flow with radiation over a
stretching sheet embedded in a porous medium was given by
Anjali Devi and Kayalvizhi [7]. Makinde and Sibanda [28]
investigated the chemical reaction effects over the stretching
surface in the presence of internal heat generation. Seini and
Makinde [37] studied the radiation and chemical reaction
effects on MHD boundary layer flow over a stretching surface.
Abdul Hakeem et al. [3] investigated the thermal radiation
effects on hydromagnetic flow over a stretching surface. Influ-
ence of thermal radiation on MHD flow over a stretching sur-
face was studied by Jonnadula et al. [29].
Taking consideration of dissipation effects in the study of
heat and mass transfer boundary layer problems adds new
dimension to it. Gebhart [17] was the first who studied the
problem taking into account the viscous dissipation. Vajravelu
and Hadjinicalaou [39] studied the heat transfer characteristics
over a stretching surface with viscous dissipation in the pres-
ence of internal heat generation or absorption. Alam et al.
[4] considered the effect of viscous dissipation in natural con-
vection over a sphere. Mahmoud [24], Mahmoud [25] investi-
gated variable viscosity effects on MHD flow in the presence
of radiation. Copiello and Fabbri [10] studied the effect of vis-
cous dissipation on the heat transfer in sinusoidal profile
finned dissipaters. Cortell [11] studied the effects of viscous dis-
sipation and radiation on the thermal boundary layer over a
nonlinearly stretching sheet. Samad and Mohebujjaman [35]
investigated the case along a vertical stretching sheet in the
presence of magnetic field and heat generation. In recent years,
Kayalvizhi et al. [21] and Dessie and Kishan [19] examined the
effects of viscous dissipation and ohmic dissipation on MHD
flow over a stretching surface with thermal radiation effects.
However, all the above mentioned studies are confined to
the steady state flow problems. But, in certain practical prob-
lems, the motion of the stretched surface may start impulsively
from rest. In such cases, the transient or unsteady aspects
become more interesting. Anderson et al. [6] considered the
unsteady heat transfer problems over a stretching surface,
which is stretched with a velocity that depends on time. Elbash-
beshy and Bazid [14] studied the heat transfer over an unsteady
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[20]. Ogulu and Makinde [32] studied unsteady hydromagnetic
free convective of a dissipative and radiating fluid over a verti-
cal plate. El-Aziz [30] reported the radiation effects on the flow
and heat transfer over an unsteady stretching sheet. Radiation
effects on heat and mass transfer over an unsteady surface were
investigated by Shateyi andMotsa [38]. Effects of radiation and
heat transfer over an unsteady stretching surface in the presence
of heat source or sink were studied by Elbashbeshy and Emam
[15]. Makinde [26,27] analyzed the chemically reacting hydro-
magnetic unsteady flow of a radiating fluid. Yusof et al. [41]
analyzed the radiation effect on unsteady MHD flow over a
stretching surface. Computational modeling of MHD unsteady
flow of a radiating fluid was reported byMakinde [26,27]. Mass
transfer and MHD effect on an unsteady stretching surface
were investigated by Ramana Reddy and Bhaskar Reddy
[33]. Seini and Makinde [37] analyzed the radiation and
recently, unsteady MHD flow and heat transfer over a stretch-
ing permeable surface were investigated by Choudhary et al.
[31]. Chaudhary et al. [36] studied the effects of thermal radia-
tion on hydromagnetic flow over unsteady stretching sheet
embedded in a porous medium. Reddy et al. [22] considered
the thermal radiation and viscous dissipation effects on
unsteady MHD flow over a stretching surface.
2. Author’s contribution
However, to the best of author’s knowledge, no attempt has
been made to investigate the effects of thermal radiation, vis-
cous dissipation, ohmic dissipation and mass transfer effects
on unsteady hydromagnetic flows over a stretching surface.
Being motivated by the extensive applications, this paper ana-
lyzes the thermal radiation, viscous dissipation effects, ohmic
dissipation effects and mass transfer effects on unsteady
hydromagnetic flow over a stretching surface.
3. Mathematical analysis
The two dimensional, unsteady hydromagnetic boundary layer
flow of a viscous, incompressible, electrically conducting and
radiating fluid along with heat and mass transfer over a
stretching sheet with viscous dissipation and ohmic dissipation
effects is considered. The fluid is considered to be gray,
absorbing-emitting radiation but non-scattering medium. The
radiative heat flux in the x-direction is negligible in comparison
with that in the y-direction. The unsteadiness of the fluid
motion arises due to the time depended stretching velocity of
the sheet. The stretching sheet aligned with the x-axis at
y= 0 moves in its own plane with the velocity Uw(x, t). The
surface temperature Tw(x, t) and the concentration Cw(x, t)
vary along the sheet and with time (see Fig. 1).
A schematic diagram of the physical model and the coordi-
nates system is depicted through Figure (i). A variable mag-
netic field B
!ðx; tÞ is applied in the direction perpendicular to
that of the fluid flow. The expression for the applied variable
magnetic field is given by
B
!ðx; tÞ ¼ B0xm12 ð1 btÞ
1
2 j
! ð1Þ
where B0 is the strength of the magnetic field applied, m is the
positive integer which takes the value m= 1 and b is a
constant.tion, viscous dissipation, ohmic dissipation and mass transfer eﬀects on unsteady
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Figure 1 Schematic diagram.
Unsteady hydromagnetic flow over a stretching surface 3Under these assumptions, the governing boundary layer
equations that are based on the laws balancing mass, linear
momentum, energy and concentration species for the present
investigation are given as follows:
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The above mentioned governing equations are associated
with the following boundary conditions:
u ¼ Uwðx; tÞ; v ¼ 0; T ¼ Twðx; tÞ; C ¼ Cwðx; tÞ at y ¼ 0
u ! 0; T ! T1; C ! C1 as y ! 1 ð6Þ
where u is the velocity component along the x-axis, v is the
velocity component along the y-axis, m is the kinematic coeffi-
cient of viscosity, r is the electrical conductivity of the fluid, B
is the strength of the applied variable magnetic field, q is the
fluid density, T is the temperature of the fluid, a0 = K/qCp is
the thermal diffusivity with K as the thermal conductivity of
the fluid and Cp is the specific heat capacity at constant pres-
sure. qr is the radiative heat flux, C is the concentration of
the fluid and D is the coefficient of mass diffusivity. The
stretching velocity Uw(x, t) is given by
Uw ¼ bxð1 btÞ ð7Þ
where b and b are constants. b has the dimension reciprocal to
time. b is the initial stretching rate and b/(1  bt) is the effec-
tive stretching rate and it varies with time. In the context of
polymer extrusion the material properties and in particular
the elasticity of the extruded sheet may vary with time even
though the sheet is being pulled by a constant force. The
adopted formulation for the stretching sheet velocity Uw(x, t)
is valid only for times t< b1 unless b= 0. The surface tem-Please cite this article in press as: Anjali Devi SP, Vasantha kumari D, Thermal radiat
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the following form:
Twðx; tÞ ¼ T1 þ T0 bx
2
2m
 
ð1 btÞ32 ð8Þ
Cwðx; tÞ ¼ C1 þ C0 bx
2
2m
 
ð1 btÞ32 ð9Þ
where T0 is the positive reference temperature, and C0 is the
positive reference concentration. Expressions (8), (9) for the
temperature Tw(x, t) and the concentration Cw(x, t) of the
sheet represent situation in which the sheet temperature and
concentration increase from T1 and C1 at the leading edge
in proportion to x2 and such that the amount of temperature
and concentration increases along the sheet and it increases
with time.
Rosseland approximation is used to simplify the radiative
heat flux term in the energy equation which has the form
qr ¼ 
4r
3k1
@T4
@y
ð10Þ
where r* is the Stefan – Boltzman constant, and k1 is the mean
absorption coefficient. The temperature difference within the
flow is assumed to be sufficiently small such that T4 may be
expressed as a linear function of temperature. On expanding
T4 in a Taylor series about T1 and thereby neglecting the
higher order terms, it is obtained as follows:
T4 ﬃ 4T31T 3T41 ð11Þ
In view of Eqs. (10) and (11), the energy equation (4)
becomes
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qCp
ð12Þ4. Method of solution
The governing partial differential equations can be reduced to
a system of ordinary differential equations on applying the fol-
lowing similarity transformations:
g ¼ b
m
 1
2
ð1 btÞ12y ð13Þ
w ¼ ðmbÞ12ð1 btÞ12xfðgÞ ð14Þ
T ¼ T1 þ T0 bx
2
2m
 
ð1 btÞ32hðgÞ ð15Þ
C ¼ C1 þ C0 bx
2
2m
 
ð1 btÞ32/ðgÞ ð16Þ
w is the physical stream function which automatically assures
the mass conservation given by Eq. (2). The velocity compo-
nents are given by
u ¼ @w
@y
¼ Uwf0ðgÞ; v ¼  @w
@x
¼  mb
1 bt
 1
2
fðgÞ ð17Þion, viscous dissipation, ohmic dissipation and mass transfer eﬀects on unsteady
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Table 1 Comparison of numerical results for h0(0) of the
present investigation with the results of Shateyi and Motsa [38].
A Pr Shateyi and Motsa [38] Present results
0.8 0.1 0.45149 0.45150
0.8 1.0 1.67285 1.67284
0.8 10 5.70598 5.70588
1.2 0.1 0.50850 0.50845
1.2 1.0 1.81801 1.81801
1.2 10 6.12102 6.12103
2.0 0.1 0.60352 0.60371
2.0 1.0 2.07841 2.07841
2.0 10 6.88615 6.88622
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Figure 2 Dimensionless velocity profiles for various A.
4 S.P. Anjali Devi, D. Vasantha kumariThe mathematical problem defined in Eqs. (2), (3), (12) and
(5) is then transformed into a set of ordinary differential equa-
tions as follows:
f 000 þ ff 00  f 02  A f 0 þ g
2
f 00
h i
M2f 0 ¼ 0 ð18Þ
ð3Rþ 4Þh00 þ 3RdPr fh0  2f 0h A
2
ð3hþ gh0Þ þ Ecf 002

þM2Ecf 02 ¼ 0 ð19Þ
/00 þ Sc f/0  2f 0/ A
2
3/þ g/0ð Þ
 
¼ 0 ð20Þ
where
A ¼ bb is the unsteadiness parameter.
Ec ¼ U2wCpðTwT1Þ is the Eckert number.
M2 ¼ rB20qb is the magnetic parameter.
Rd ¼ Kk14rT 31 is the radiation parameter.
Pr ¼ ma is the Prandtl number.
Sc ¼ mD is the Schmidt number.
The corresponding boundary conditions are given by
f0ðgÞ ¼ 1; fðgÞ ¼ 0; hðgÞ ¼ 1; /ðgÞ ¼ 1 at g ¼ 0
f0ðgÞ ! 0; hðgÞ ! 0; /ðgÞ ! 0 as g ! 1 ð21Þ
where h ¼ ðTT1ÞðTwT1Þ is the nondimensional temperature and
/ ¼ ðCC1ÞðCwC1Þ is the nondimensional concentration. From the
engineering point of view, the most important characteristics
of the boundary layer flow problems are the local skin – fric-
tion coefficient, the local Nusselt number and the local Sher-
wood number which are, respectively, defined by
Cfx ¼
2l @u
@y
 
y¼0
qU2w
¼ f00ð0Þ2Re12x ð22Þ
Nux ¼
x K @T
@y
þ qr
 
y¼0
K Tw  T1ð Þ ¼ h
0ð0Þ 1þ 4
3Rd
 
Re
1
2
x ð23Þ
Shx ¼
x @C
@y
 
y¼0
Cw  C1 ¼ /
0ð0ÞRe12x ð24Þ
where Rex ¼ Uwxm is the local Reynolds number based on the
velocity of the stretching sheet velocity.
5. Numerical solution
Eqs. (18)–(20) along with their boundary conditions given by
Eq. (21) constitute a nonlinear boundary value problem and
are difficult to solve it as such. Hence the boundary value
problem is first converted into an initial value problem by
appropriately guessing the missing slopes. It can be done by
using an efficient shooting method such as Nachtsheim Swigert
iteration scheme for the satisfaction of the asymptotic bound-
ary condition. The resulting initial value problem is solved
using Runge Kutta fourth order method for several sets of
parameters. The step length of h= 0.01 is employed for thePlease cite this article in press as: Anjali Devi SP, Vasantha kumari D, Thermal radia
hydromagnetic ﬂow over a stretching surface, Ain Shams Eng J (2016), http://dx.docomputation purpose. The convergence criterion largely
depends on the fairly good guesses of the initial conditions.
The iterative process is carried out until the relative difference
between the current and the previous iterative values matches
up to a tolerance of 105. Once the convergence is achieved we
integrate the resultant ordinary differential equations using the
standard fourth order Runge-Kutta method to obtain the
required solution.
6. Results and discussions
In order to have a clear physical insight into the problem,
numerical computations have been carried out for various val-
ues of the physical parameters involved such as Unsteadiness
parameter (A), Magnetic interaction parameter (M2), Prandtl
number (Pr), Radiation parameter (Rd), Eckert number (Ec)
and Schmidt number (Sc). Results thus obtained were plotted
graphically. Table 1 lists that in the absence of magnetic field,
the numerical solution for the nondimensional rate of heat
transfer obtained from the present investigation is in good
agreement with that of the numerical results for the nondimen-
sional rate of heat transfer obtained by Shateyi and Motsa [38].
Fig. 2 displays the effect of the unsteadiness parameter over
the dimensionless velocity. It is clear from the figure that the
unsteadiness parameter decelerates the velocity for its increas-
ing values. Eventually the momentum boundary layer thick-
ness also reduces as the value of the unsteadiness parameter
increases. The effect of magnetic parameter over the nondi-
mensional velocity of the fluid flow is shown in Fig. 3. Sincetion, viscous dissipation, ohmic dissipation and mass transfer eﬀects on unsteady
i.org/10.1016/j.asej.2016.06.008
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Figure 3 Dimensionless velocity profiles for various M2.
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Figure 6 Dimensionless temperature profiles for various Pr.
Unsteady hydromagnetic flow over a stretching surface 5the applied magnetic field produces a drag in the form of Lor-
entz force, it decreases the magnitude of the velocity. Hence as
the magnetic parameter value increases it decreases the
velocity.
The dimensionless temperature decreases for higher values
of the unsteadiness parameter. This is portrayed through
Fig. 4. Fig. 5 elucidates that the effect of magnetic interaction
parameter over the nondimensional temperature is to increase
the dimensionless temperature as well as the thermal boundary
layer thickness. Fig. 6 exhibits the effect of Prandtl number
over the dimensionless temperature. The Prandtl number has
a reducing effect for its increasing values over the nondimen-0 1 2 3 4 5
η
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
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Figure 4 Dimensionless temperature profiles for various A.
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thickness also gets reduced. This is because of the fact that
higher Prandtl number fluid has a relatively low thermal con-
ductivity which reduces conduction and thereby reduces the
thermal boundary layer thickness. Radiation parameter has a
reducing effect over the dimensionless temperature. As the
value of Rd increases it results in the reduction in the thermal
boundary layer thickness. This is shown in Fig. 7. Eckert num-
ber has an increasing effect over the nondimensional tempera-
ture and thermal boundary layer thickness for its increasing
values. This is depicted in Fig. 8.
The effect of the unsteadiness parameter, magnetic interac-
tion parameter and the Schmidt number over the nondimen-0 1 2 3 4 5
0.0
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θ (η )
η
R d = 0.5, 1.0, 2.0, 5.0, 10
9
A = 1.0
M2 =1.0
Ec = 0.01 
Pr = 0.71
Figure 7 Dimensionless temperature profiles for various Rd.
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Figure 8 Dimensionless temperature profiles for various Ec.
ion, viscous dissipation, ohmic dissipation and mass transfer eﬀects on unsteady
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6 S.P. Anjali Devi, D. Vasantha kumarisional concentration distribution of the flow field is exhibited
through Figs. 9–11. Dimensionless concentration distribution
for various values of A is demonstrated through Fig. 9 and
it is clear that the unsteadiness parameter reduces the concen-
tration boundary layer thickness for its higher values. Fig. 10
presents the effect of magnetic interaction parameter over
the dimensionless concentration of the fluid. The figure clearly
shows that the effect of magnetic interaction parameter has the
tendency to enhance the nondimensional concentration and
the concentration boundary layer thickness.
Fig. 11 shows the effect of the Schmidt number over the
dimensionless concentration distribution. As the values of0 1 2 3 4 5
0.0
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Figure 9 Dimensionless concentration profiles for various A.
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Figure 10 Dimensionless concentration profiles for various M2.
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tion decreases accompanied by the reduction in the concentra-
tion boundary layer thickness.
Table 2 presents the numerical results for the local skin fric-
tion coefficient for various values of the unsteadiness parame-
ter and the magnetic interaction parameter. Both of the
parameters reduce the local skin friction coefficient for their
higher values. Table 3 lists the numerically computed values
of the local Nusselt number for various values of the unsteadi-
ness parameter, magnetic interaction parameter, Prandtl num-
ber and the radiation parameter. The nondimensional rate of
heat transfer is enhanced by the unsteadiness parameter andTable 2 Skin friction coefficient for various values of A and
M2 when Pr= 0.71, Rd = 5.0 and Sc= 0.22.
A M2 f00(0)
0.0 1.0 1.41421
0.5 1.53905
1.0 1.65713
1.5 1.76872
2.0 1.87446
1.0 0.0 1.32052
0.5 1.49839
1.0 1.65713
1.5 1.80186
2.0 1.93575
Table 3 Nondimensional rate of heat transfer for various
values of A, M2, Pr, Rd and Ec.
A M2 Pr Rd Ec h0 (0) h0ð0Þ 1þ 43Rd
 
0.0 1.0 0.71 5.0 0.01 1.20810 1.05295
0.5 1.36654 1.73095
1.0 1.49964 1.89954
1.5 1.61823 2.04976
2.0 1.72712 2.18769
1.0 0.0 0.71 5.0 0.01 1.55750 1.97283
0.5 1.52616 1.93314
1.0 1.49964 1.89954
1.5 1.47651 1.87025
2.0 1.45674 1.84520
1.0 1.0 0.71 5.0 0.01 1.49964 1.89954
1.0 1.60664 2.03508
1.5 1.77137 2.24374
2.3 2.0009 2.53447
7.0 2.98263 3.77800
1.0 1.0 0.71 0.5 0.01 1.29987 4.76619
1.0 1.36490 3.18477
2.0 1.43129 2.38548
5.0 1.49964 1.89954
109 1.57066 1.57066
1.0 1.0 0.71 5.0 0.001 1.50676 1.90856
0.01 1.49964 1.89954
0.05 1.46799 1.85945
0.08 1.44419 1.82931
0.1 1.42838 1.80928
tion, viscous dissipation, ohmic dissipation and mass transfer eﬀects on unsteady
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Table 4 Nondimensional rate of mass transfer for various
values of A, M2 and Sc.
A M2 Sc /0(0)
0.0 1.0 0.22 1.21557
0.5 1.27150
1.0 1.32346
1.5 1.37320
2.0 1.42121
1.0 0.0 0.22 1.39512
0.5 1.35672
1.0 1.32346
1.5 1.29490
2.0 1.27016
1.0 1.0 0.22 1.32346
0.50 1.47742
0.62 1.53631
0.78 1.61011
1.30 1.82342
Unsteady hydromagnetic flow over a stretching surface 7the Prandtl number whereas the magnetic interaction parame-
ter, radiation parameter and the Eckert number suppress the
dimensionless rate of heat transfer as they take higher values.
Table 4 lists an account on the effect of unsteadiness
parameter, magnetic interaction parameter and Schmidt num-
ber over the Sherwood number. The unsteadiness parameter
and the Schmidt number enhance the nondimensional rate of
mass transfer while the magnetic interaction parameter reduces
the same.
7. Conclusion
The effects of mass transfer and radiation heat transfer on
unsteady hydromagnetic flow over a stretching surface are
analyzed in this work. Numerical solutions are obtained for
the governing equations and the effects of the concerned phys-
ical parameters over the dimensionless velocity, temperature
and concentration distribution are presented graphically. The
main results of the paper can be summarized as follows:
 The effect of the Unsteadiness parameter is to decrease the
dimensionless velocity, temperature, concentration distribu-
tion and the local skin friction coefficient whereas it
enhances the nondimensional rate of heat and mass
transfer.
 Magnetic interaction parameter decreases the velocity
boundary layer thickness as well as the local skin – friction
coefficient, local Nusselt number and the local Sherwood
number. Nondimensional temperature and dimensionless
concentration are increased for higher values of the mag-
netic interaction parameter.
 Prandtl number reduces the thermal boundary layer thick-
ness for its increasing values but has an increasing effect
over the local Nusselt number Nux.
 The effect of the Radiation parameter is to decrease the
dimensionless temperature and the nondimensional rate of
heat transfer.
 The effect of Eckert number is to increase the thermal
boundary layer thickness and also increase the nondimen-
sional temperature whereas it decreases the local Nusselt
number.Please cite this article in press as: Anjali Devi SP, Vasantha kumari D, Thermal radiat
hydromagnetic ﬂow over a stretching surface, Ain Shams Eng J (2016), http://dx.do Schmidt number decreases the dimensionless concentration
of the flow field for its higher values. But the Schmidt num-
ber enhances the Local Sherwood number.
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